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Abstract 

This research deals with the study of dynamics of nanoparticles and bubbles in 

creeping flows of viscous fluids. The study was based on theoretical approaches and 

numerical methods. To conduct numerical simulations, the original FORTRAN codes 

were developed and realised on a desktop computer. To process the obtained results the 

Mathcad software was actively used. 

Firstly, the dynamics of two unlike and like charged particles in viscous fluid in the 

creeping flow approximation was studied. Two types and different models of viscous 

drag forces were taken into consideration. The particlesô trajectories under the 

influence of all these forces were studied and compared with those immersed in 

inviscid fluid. 

Next, the complex dynamics of small rigid particles under the influence of acoustic 

radiation force were considered. Our analysis was based on a more advanced model in 

comparison with those used in the earlier works (Sarvazyan & Ostrovsky, 2009; 

Ostrovsky, 2015). In addition to the Stokes drag force, the model used in this study 

included particle inertia, added mass effect, and the BoussinesqïBasset drag force, the 

effects of these were ignored in the cited papers. It has been shown through numerical 

solutions that all of these additional effects can be important at some stages of particle 

motion, whereas in other stages they can be neglected. The particle motion was 

considered both for the plane and cylindrical geometries. An interesting and 

prospective method of particle control in a fluid was studied by periodic switching of 

the acoustic modes in a resonator.  

In the last Chapter there is an analysis of the influence of memory integral drag 

forces on the resonance characteristics of oscillating solid particles and gaseous 

bubbles in a viscous fluid under the influence of an external sinusoidal force. It has 

been shown that the memory integral drag forces lead to the widening of resonance 

curves and the reduction of resonance peaks, so that the effective quality of oscillator 

significantly decreases in comparison with the similar oscillator with only Stokes drag 

force.
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Chapter 1: Introduction and l iterature review 

In the late 20th century, the dynamics of nanoparticles and bubbles in creeping 

flows of viscous fluids have been under a focus of many research groups because 

this field of research plays an important role in various biotechnological, 

pharmacological and pure technological applications. Nanoparticles are important 

elements in the medical field (Murthy, 2007) as they can be used as the carriers for 

vaccines and anticancer drugs (Madhav & Kala, 2011). It was discovered that by 

using an external force (for example, the acoustic force (Zhu & Trung Nguyen, 

2010; Ostrovsky & Stepanyants, 2017), magnetic force (Zhu & Trung Nguyen, 

2010), electric force (Zhu & Trung Nguyen, 2010), laser-generated electromagnetic 

(light) force (Hidai et al. 2010), etc), one can control particle motion and, in 

particular, move particles from one place to another without touching them. As a 

result, the nanoparticles can be used as drug carriers which are capable to deliver 

medicines to any organ in a human body.  

Another benefit of ultrasound in medical fields is to non-invasively and 

temporarily disrupt the blood-brain barrier to reach brain tumors. This method has 

many advantages: firstly, to break through the blood-brain barrier without any 

surgery or risky of surgery. Secondly, to make microbubbles move and to move 

any objects (for examples, red cells, drugs, fatty plaques, etc) surrounding them in 

the blood across the blood-brain barrier. As has been shown in Refs. (Hynynen, 

2008; Timbie et al., 2015), this is an efficient and safe method to deliver drugs 

crossing the blood-brain barrier. Figure 1.1 illustrates the mechanism of focused 

ultrasound mediated blood-brain barrier disruption. Circulating microbubbles 

oscillate in the ultrasonic field, producing forces that act on the vessel wall to 

generate three bioeffects that permit transport across the blood-brain barrier: 

disruption of tight junctions, sonoporation of the vascular endothelial cells and 

upregulation of transcytosis. Chapter 3 of this Thesis provides theoretical basis for 

the particle and bubble control by ultrasound. 

In industrial applications, the nanoparticles also play an important role as they 

are principal elements in microfluidics. Zhu & Trung Nguyen (2010) have 

mentioned in their research many useful applications of nanoparticles in 

microfluidics and listed some methods of particle sorting. One of these methods is 

connected to the application of an acoustic force. For example, when there is a big 
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sample of particles which we need to sort, i.e., to separate particles of small and big 

sizes or smaller and greater density, we can apply an acoustic field of a certain 

frequency and play with the resonance properties of particles. Some of the particles 

will oscillate in the acoustic field because they are in resonance, and others will 

remain almost at rest because they are not in the resonance. There is a simple 

technology which allows us to collect highly oscillating resonance particles; other, 

non-oscillating particles or particles oscillating with small amplitude, can be then 

separated. Then the frequency of the acoustic field can be changed and further 

particle sorting and separation can be undertaken. The theoretical basis of this 

technology will be considered in chapter four of this Thesis. 

 

 

Figure 1.1: (From (Timbie, Mead & Price, 2015)). Mechanism of focused 

ultrasound mediated blood-brain barrier disruption. 

 

Manipulation with nanoparticles by acoustic fields can be used for another 

practical application namely for the protection of wooden goods. The structure of 

wooden materials consists of very small and thin canals as shown in Figure 1.2. 

One of the options to protect the wood against deterioration by insects or 

atmospheric effects is to deliver special chemical solutions or particles to the canals 

which will preserve the wood against deterioration. Using the acoustical method, 

one can control delivery of small particles deeper into the wood to protect it in such 

a way. 
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Figure 1.2: A cross-section of wooden materials at a microscopic view. (From the 

website: http://www.rationalskepticism.org/creationism/flood-geology-goes-up-in-

flames-t51371.html). 

 

As mentioned above, particle control can be implemented not only by an 

acoustic field but also by other external fields, for example, by an electric field. 

However, when conducting charged particles move in a viscous fluid they 

experience the action of distributed electric forces from other particles and viscous 

forces which are modified due to the presence of other particles. The importance of 

such effects has not studied thus far. In the meantime, Saranin (1999) has 

demonstrated that the electrostatic force acting between two charged conductive 

particles differs from the classic Coulomb force F ~ 1/r2 , where r is the distance 

between the particle centers, due to the redistribution of electric charges within 

each particle (the modified formula for the electric force will be presented further 

in the next Chapter). This redistribution within two spherical conductive particles is 

illustrated by Figure 1.3. 

In his first paper, Saranin (1999) derived a theoretical formula for the modified 

Coulomb law. Later Saranin & Mayer (2010) undertook experimental validation of 

the derived formula and presented the results of experimental data on interaction of 

two conducting charged particles in comparison with the theoretical finding. 

 

http://www.rationalskepticism.org/creationism/flood-geology-goes-up-in-flames-t51371.html
http://www.rationalskepticism.org/creationism/flood-geology-goes-up-in-flames-t51371.html
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Figure 1.3: (from (Hassan & Stepanyants, 2015)). Electric charge redistribution 

within two conducting unlikely charged spheres (a) and two unlikely charged spheres 

with uniformly distributed charges (b). 

 

Figure 1.4 shows the results obtained which are in a very good agreement with 

Saraninôs theory. As one can see from this figure, Coulombôs law is valid when the 

distance between the particles is large enough, r > 10d, where d is the diameter of 

the spherical particle (see the data in the left lower corner of the figure in 

comparison with line 1 when 1/x
2
 < 0.15). However, for the small distances (1/x

2
 > 

0.15) experimental data are in a very good agreement with the theoretical data by 

Saranin (1999) ï see line 2 and experimental data by Saranin & Mayer (2010) 

shown by different symbols.      

 

 

Figure 1.4: (From (Saranin & Mayer, 2010)). The normalised electric force acting 

between two conductive particles as a function of the inverse distance between the 

particles. Line 1 corresponds to the classic Coulomb law, and line 2 corresponds to 

improved Coulomb law. Symbols reflect experimental data. 
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Since that time (2010), no other experiments were conducted in this area, but the 

results obtained are quite convincing. The modified Coulomb law will be used in 

the next chapter of the Thesis to study the motion of charged conducting particle in 

a viscous fluid.  

Despite the fact that the study of particle dynamics in a viscous fluid has a long 

history, many important problems still remain unsolved (Shoji, 2004). This pertains 

not only to the collective behaviour of big particle ensembles but even to 

interactions of two particles in a complex environment of shear flows or in the 

presence of solid obstacles, walls or free surfaces. Much research efforts have been 

undertaken over the years to elucidate the particle dynamics in various situations.  

One of the intriguing problems that have not been solved so far is the dynamics 

of two interacting charged particles in a viscous fluid. In recent years a great deal 

of interest has been observed in micro- and nano-particles due to their potential 

applications in modern biotechnologies and other micro-fluid technologies. 

Quantitative descriptions of such systems represent a certain challenge not only 

from the practical but also from the academic point of view. In the next chapter, the 

elementary acts of the interaction of two charged particles moving in a viscous 

fluid are considered. Two cases of particle interaction are studied and compared: 

(1) when non-conducting charged particles with uniformly distributed electric 

charge interacting in a viscous fluid and (2) when conducting spherical particles 

interact. It is assumed that, in both cases, the particles can freely move in the fluid 

either one after another or side by side, and their electric interaction is controlled 

by the modified Coulomb force (Saranin, 1999). The equations of motion are 

studied analytically where possible and also numerically. The particle dynamics is 

considered in the creeping flow approximation, that is under the assumption that 

the Reynolds number is very small, Re ¹ ua/n << 1, where u is the particle velocity 

relative to the fluid, a is the particle radius, and ɜ is the fluid kinematic viscosity. 

For simplicity, we assume that the particles are solid and have a spherical shape. 

Even in such relatively simple case the viscous force acting on each particle differs 

from the case when the particles are isolated or very far from each other; the force 

instead depends on the distance between the particles and their configuration in a 

space. The total viscous force consists the Stokes drag force and the memory 
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integral drag force, which is known as the BoussinesqïBasset drag force in the case 

of solid particles. 

Another area of applications of theoretical study of motion of charged entities 

(particles, droplets, or bubbles) in a viscous fluid is related to the recent 

breakthrough experiments on microbubble dynamics. Recently, it was discovered 

(see Ref. (Bunkin & Bunkin, 2016)), that a small bubble in a liquid can be charged 

because it is usually surrounded by ions of impurities dissolved in a liquid. Such 

bubbles surrounded by ions deposited on the bubble surfaces were called bubstons 

in the cited paper. The ions make micro-bubbles stable in liquids, so that they play 

a role of nucleus in the processes of vaporization and cavitation. The bubstones 

carrying ions can be positively or negatively charged, or remain neutral. However, 

according to the experimental data mentioned in the review (Bunkin & Bunkin, 

2016), in the majority of cases bubstones are charged either positively or 

negatively. In such cases, it is important to investigate the character of bubston 

motion and their interaction with each other in viscous fluids. Using external fields, 

for example, acoustic or electro-magnetic fields, one can undertake bubble control, 

suppressing bubble growth or removing bubbles from the liquid. This can be very 

important to prevent onset of cavitation in liquids and their negative impact on 

solid surfaces.  

As well-known, cavitation is caused by microbubble nuclear which grow and 

then collapse in a fluid producing very high pressure in a small volume. When 

bubbles contact metallic surfaces (for example, fast rotating propellers in a fluid), 

they affect surfaces with a very high pressure in the process of a collapse. It is 

impossible to purify completely water from microbubbles even in a laboratory to 

avoid the onset of cavitation. However, the development of methods of bubble 

control in fluids can provide an effective protection against material destruction 

due to cavitation if, for example, charged microbubbles (the bubstons) can be 

repelled from metallic surfaces by electric forces. Therefore, there is a great 

interest to the dynamics of bubstons and methods of their control by external 

electric and acoustic fields.  

The electric charge on the surface of bubstons can be distributed in accordance 

with the external electric forces. In particular, when two bubstons approach each 

other, the ions on their surfaces experience redistribution like within charged 
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conducting particles described above; this is shown schematically in Figure 1.5. 

This situation is very similar to what was considered by Saranin (1999) in his 

seminal papers. Due to the charge redistribution, the interaction of charged 

bubstons is described by Saraninôs formula, rather than by Coulombôs formula. 

Therefore, motions of bubstons in the viscous fluid should be described by taking 

into account the combination of modified electric forces, buoyancy (Archimedean) 

forces and viscous drag forces, which include both the Stokes drag force and 

memory integral drag force.  

 

 

 

 

(a)           (b) 

Figure 1.5: Bubbles (bubstons) surrounded by liquid molecules (a) and ions (b): (a) ï  

neutral bubstons, (b) charged bubstons with redistributed ions on the surfaces.  

 

The concept of bubstons and their role in fluid mechanics presented in the 

review paper by Bunkin & Bunkin (2016) and supported by recent experiments 

reflected in the review is relatively new. This concept opens an opportunity for the 

study of ensembles of interacting bubstons in fluids taking into account both 

electric and hydrodynamic forces acting on them. As a first step, the simple case of 

the elementary act of interaction of two bubstons should be studied. This study is 

currently underway as the development of the results presented in Chapter 2 for 

two conducting charged particles in water, but they are still incomplete and 

therefore are not included in this Thesis. 

Two limiting cases of dynamics of solid particles and gaseous bubbles in liquids 

can be further generalised for droplets (liquid particles) moving in a liquid of 

different properties (for example, oil droplets in a water). The droplets can preserve 

their shapes due to surface tension on the interface between different liquids. In their 

recent paper, Charalampous & Hardalupas (2017) studied the interaction between 

droplets and demonstrated experimentally that droplet dynamics can be fairly 
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complicated. Figure 1.6 from their paper illustrates different regimes of droplet-

droplet collisions. 

The droplets can be both neutral and electrically charged. Therefore, further 

development of methods of description of their motion and interaction is topical and 

has a good perspective for application in engineering technology. It is of a special 

interest to develop methods of droplet control by acoustic fields. The results obtained 

in Chapter 3 of this Thesis shed light to the droplet dynamics under the action of 

acoustic fields, but needs further development.  

  

 

Figure 1.6: (From (Charalampous & Hardalupas, 2017))). Regimes of droplet-droplet 

collision: (a) coalescence, (b) bouncing, (c) reflexive separation, (d) stretching 

separation, and (e) penetration. 

 

One of the interesting phenomena which has not been studied well so far is the 

possibility to force droplet and bubbles to oscillate under the action of external 

acoustic field. Oscillating droplets and bubbles produce a hydrodynamic force known 

as the Bjerknes force (Lamb, 1932; Pelekasis & Tsamopoulos, 1993). The structure 

of such force is very similar to the structure of the Coulomb electric force; it 

decreases with the distance from oscillating bubble as r
ï2

, and it can be of either 

attractive, if two bubbles oscillate in the same phase, or repulsive, if they oscillate in 

antiphase (the situation can be even more complicated, if they oscillate at the 

arbitrary phase shift between 0 and p). The expression for the classical Bjerknes 
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force was generalized by Nemtsov (1983) who showed that, in a compressible fluid 

the acoustic signal generated by one oscillating bubble reaches another bubble not 

instantaneously, but after some delay. This can produce several interesting and 

important effects that have not been studied thus far. For example, two oscillating 

bubbles can move forward, experiencing reactive momentum due to the radiation of 

an acoustic wave. The first approach to bubble study in a compressible fluid was 

undertaken in the paper by Stepanyants & Yeoh (2008), but they considered bubble 

motion only in a perfect fluid. Even in this simplified case they obtained interesting 

results which show that two oscillating bubbles can demonstrate a behavior very 

similar to what is shown in Figure 1.6 for the droplets. The bubbles can coalesce, 

bounce, reflex, or separate. This study can be further developed and extended for 

droplets in viscous fluids. In general, interaction of two droplets or bubbles in a 

viscous fluid can be a subject of action of various forces including electric force with 

Saraninôs modification, Bjerknes force with Nemtsovôs modification, viscous forces 

with Stokes and memory integral drag forces. Some of these effects are studied in the 

present Thesis, others will be studied later. 

One of the topical problems is the manipulation of particle motion in a fluid 

medium by external forces. This can be done with the help of an electric or a 

magnetic force, if a particle is charged, or by an acoustic force, if the particle is 

uncharged. The period-averaged action of sound on small particles can cause 

complex motions due to the action of the acoustic radiation force (ARF). This 

problem has been studied since the mid-1900s (Yosioka & Kawasima, 1955, 

Gorôkov, 1962).  In the last two decades, ARF effects have been widely used in 

microfluidics, biological acoustics, and medicine. Among the promising areas of 

application are the manipulation, concentration and stirring of particles and bubbles 

in ultrasonic resonators of different configurations. The theoretical consideration of 

some of these effects was undertaken in Sarvazyan & Ostrovsky, (2009). However, 

in that work, only two extreme cases were studied, namely, the hard, non-

deformable particles, and gaseous bubbles. This is not directly applicable to many 

practical cases, such as in the case of the biological cells which are typically only 

slightly different in density from the ambient fluid. One example of the latter case 

was analysed by Ostrovsky (2015) who considered the rate of change of such a 

ñparticleò concentration in a cylindrical resonator.  
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It is of significant theoretical and practical interests to study the particle motion 

under the action of ARF taking into account the two main parameters of a particle, its 

density and the sound speed in the particle material. It is known that even the 

direction of particle drift in a standing acoustic wave can be different depending on 

its mechanical parameters (Sarvazyan & Ostrovsky, 2009). Another potentially 

important extension of existing models is to incorporate the effects of the 

BoussinesqïBasset drag (BBD) force (see, e.g., (Lovalenti & Brady, 1993; 

Stepanyants & Yeoh, 2009) and references therein) and mass inertia, in addition to 

the viscous Stokes drag force which generally dominates at small Reynolds numbers, 

but with some noticeable exceptions as will be discussed below. 

It is well known (Lovalenti & Brady, 1993), that a small fluid drop moving in a 

viscous fluid at a small Reynolds number experiences an influence of at least two 

drag forces, one of them is the traditional Stokes drag force and another is the 

memory-integral drag (MID) force. In the past decade, a vast number of papers 

devoted to the role of the MID force in the dynamics of solid particles, gaseous 

bubbles and other liquid drops in viscous fluids have been published (see, e.g., Refs. 

(Candelier, Angilella, & Souhar, 2004; Candelier, Angilella & Souhar, 2005; 

Kobayashi & Coimbra, 2005; Stepanyants & Yeoh, 2009; Visitskii, Petrov & 

Shunderyuk, 2009; Aksenov, Petrov & Shunderyuk, 2011; Xie & Vanneste, 2014 

and Hassan, Ostrovsky & Stepanyants, 2017) and references therein). The growing 

interest in this problem in recent years is associated with the development of the new 

field of microfluidics and the technology of using micro- and nano-particles. Such 

technology is already used in medicine (for the diagnostics and drug delivery to the 

specific organs), biology, food quality control, and chemistry, etc. (see the review by 

Ostrovsky & Stepanyants (2017) and references therein). Chapter 3 of this Thesis is 

devoted to studying the problem of micro-particle manipulation by ARF. 

In many cases nanoparticles can experience an oscillatory motion around quasi-

stationary positions under the action of external forces, for example, by an acoustic 

radiative force (Visitskii, Petrov & Shunderyuk, 2009; Aksenov, Petrov & 

Shunderyuk, 2011; Hassan, Ostrovsky & Stepanyants, 2017; Ostrovsky & 

Stepanyants, 2017). In such cases, it is important to know the resonance properties of 

nanoparticles, e.g., the shape of the resonance curve (the dependence of the 

amplitude of oscillation on the frequency of the external sinusoidal force), the width 
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and the amplitude of the resonance curve, and the quality of the effective oscillator. 

All these characteristics are well known for the classical linear oscillator and have 

been described in many text books and monographs (see, e.g., Siebert, (1986); 

Klepper & Kolenkow, (2014))). When the particle oscillates in a viscous fluid under 

the action of external force, then, as mentioned above, at least two viscous forces 

should be taken into account, the Stokes drag force and the MID force. If only the 

Stokes drag force is taken into consideration, and the MID force is ignored, then the 

corresponding equation of motion reduces to the equation for the classical linear 

oscillator with dissipation. However, to our best knowledge, the influence of the 

MID force on the resonant property of an oscillator has not been studied thus far by 

other authors. This problem was considered in our recent publication (Hassan & 

Stepanyants, 2017) and is described in Chapter 4 of this Thesis. 

Because the Thesis is focused on the particle, drop, and bubble dynamics in a 

viscous fluid, it is reasonable to present and explain the basic equations of motion for 

these entities. This is done in the next subsection.  

 

1.1. The equation of motion of a fluid particle in a viscous surrounding fluid 

The equation of motion of one spherical particle with the added mass effect 

taken into account is (Batchelor, 1970; Landau & Lifshitz, 1988): 
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where g is the acceleration due to gravity, ʍ is the particle density, and r is the 

particle-to-fluid density ratio. The added mass effect is taken into account through 

the coefficient 1/2 in the brackets on the left-hand side of the equation.  

The first term in the right-hand-side describes the gravity/buoyancy force, the 

second term describes the electrostatic force and the third term describes the total 

drag force including the Stokes drag (SD) force (the first term in the square 

brackets) and the MID force (the second, integral, term in the square brackets). 

Function F ӑ 1, if the correction to the BBD force is ignored, or F ӑ f, if the 
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correction to the BBD force is the same as to the SD force. 

The SD and MID forces have a long history. In 1845 Stokes derived the first 

formula for the SD force acting on a stationary moving a solid spherical particle in 

the limit of a creeping flow (when Reynolds number is very small). Hadamard, and 

separately Rybczynski, in 1911 obtained a generalised Stokes formula for 

stationary moving spherical liquid inclusions (drops). Then in 1956 Proudman & 

Pearson introduced a correction to the formula for the SD force by using Oseenôs 

solution (Landau & Lifshitz, 1993). Recently, the general formulae for the drag 

force acting on drops or bubbles of any densities and viscosities were obtained 

(Gorodtsov, 1975). On the other hand, in 1885 Boussinesq and three years later 

Basset presented another force acting on a solid particle, which is currently known 

as the memory integral drag (MID) force or in their particular case called the 

BoussinesqïBasset drag (BBD) force. More details for the MID force, especially 

for the case of a solid particle moving in quiescent fluids, can be found in many 

textbooks (see, e.g., (Landau & Lifshitz, 1993)).  

During this time, many corrections to SD and MID forces have been derived for 

many cases of particles moving in different fluids. For example, in 1922 Faxen 

derived a formula for the non-uniformity of moving particles in an external fluid 

flow. Saffman in 1965 derived a formula for the force appearing due to particle 

rotation in the course of motion and external shear flow (see (Legendre & 

Magnaudet, 1997)). The latest version of the equation of drop motion (including 

gaseous bubbles and solid particles) has been derived by Lovalenty and Brady in 

1993 (Lovalenty & Brady, 1993). More details about the history of the SD and 

MID forces can be found in Stepanyants & Yeoh, (2009). 

The study of particle, drop, and bubble motions in fluid media has numerous 

practical applications. Some of them will be described in the next sections. 

 

1.2. Applications 

The importance of particle dynamics in a creeping flow is backed by many 

practical applications to mixtures of fluids and drops (including solid particles and 

gaseous bubble) and suspensions. One of known examples is particle-liquid 

mixtures used for pharmaceutical purposes. Other important examples pertain to 
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the transport of particles in the atmosphere (dust) and oceans (suspensions, sand, 

etc.). One of the more intriguing problems that have not been solved so far is the 

dynamics of two interacting charged particles in a viscous fluid. 

Particle motion in viscous fluid was studied in several papers in application to 

the cooling systems of nuclear reactors (see, for example, (Stepanyants & Yeoh, 

2009; 2010) and references therein). Dust particles can penetrate into the open pool 

vessel as shown in Figure 1.7. In the density stratified fluid (due the temperature 

difference in the upper and lower layers) particle motion can be decelerated or even 

terminated at the sharp density interface, where they can be easily collected and 

removed. 

 

 

 

 

 

 

 

 

 

Figure 1.7: (From (Stepanyants & Yeoh, 2010)). Open pool Australian nuclear 

reactor (OPAL): (a) ï photo; (b) ï sketch of the cooling vessel containing two-layer 

fluid (tap water) of different density.  

 

The particle motion under the action of the acoustic radiation force has a variety 

of potential applications. It can be used, in particular, for stirring and mixing of 

particles (Sarvazyan & Ostrovsky, 2009), as well as for their separation and 

collection at certain places, from where they can be subsequently removed to 

provide a cleaning of fluid. In particular, when there is an ensemble of particles of 

different properties (mass, radius, density) placed in the acoustic resonator, they 

can be collected in nodes and antinodes, as shown in Figure 1.8. This can be used 

as the method of particle separation in addition to that mentioned above. 

1
.5

m
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Figure 1.8: (From (Ostrovsky & Stepanyants, 2017)). Schematic illustration of 

particles gathering in the nodes of a standing acoustic wave in a plane resonator 

with initially randomly distributed particles (from panel a) to panel b). Lines show 

a standing acoustic wave in two instances of time when the wave phase differs on 

. 

Another possible application of particle motion under the action of the acoustic 

radiation force in industry is emulsion separation. Emulsion separation is an 

important method to many industry areas: for example, in petroleum industry (for 

isolation of crude oil at the oilfields), recycle system of valuable oils, recycle the 

wastewaters and much more. There are numerous ways to apply the emulsion 

separation: this can be done by means of physical methods, electrochemical 

methods, or by adding special chemicals. However, these methods are either not 

efficient (for example, the electrochemical methods are very costly) or are not as 

safe, for example, in the case of adding chemicals. In Ref. (Nii  et al., 2009) it was 

proposed a new technique to apply emulsion separation by means of ultrasound. As 

the example, it has been shown that the method can be used to separate canola oil 

from water. This technique is safe and does not incur high operation cost.  

Thévoz et al., (2010) studied how to separate particles by means of ultrasonic 

standing waves. The authors invented an acoustophoretic cell synchronization 

device shown in the Figure 1.9 below. As shown in frame (A), asynchronous 

mixture of cells and buffer volumetrically pumped into the device. Synchronization 

was achieved by fractionating the cells according to size such that larger cells (e.g., 

G2) elute through the outlet A whereas smaller cells (e.g., G1) elute through the 

outlet B. The photograph in frame (B) shows the device with the attached 

piezoactuator on its backside (scale bar is 5 mm). Frame (C) represents the 

fluorescence micrographs of the acoustophoretic cell synchronization device in 

operation. A binary mixture of green (5-ɛm-diameter) and red (2-ɛm-diameter) 
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polystyrene beads enters the inlet area (left) and are acoustophoretically separated 

to elute through the outlets A and B, respectively (right). Scale bars are 50 ɛm in 

both images. Frame (D) shows a two-dimensional numerical simulation of 

separation along the channel, showing buffer (gray) with bands of particle 

trajectories. Larger particles (green) are subject to a greater acoustic radiation force 

and thus converge faster to the nodal plane at the center of the channel (dashed 

line) and elute through the outlet A. Smaller particles (red) do not reach the nodal 

plane and elute through the outlet B. Thus, due to different response of large and 

small particles on the ultrasound standing waves, one can concentrate large 

particles in the center of a cylinder, while the small particles not affected by the 

acoustic force remain out of center. Therefore, it is possible to separate and collect 

the particles in different vessels. 

 

 

Figure 1.9: (From (Thévoz et al, 2010)). Acoustophoretic cell synchronization 

device and experimental setup as described in the text. 
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Similar technology is used for the separation of micro particles for example, fat 

globules and cells from milk (Priev et al., 2015), and alcohol from beverages (Priev 

& Barenholz, 2010). Figure 1.10 shows the separation of fat globules in milk by 

standing waves in the cylindrical pipe. Acoustic radiation force in resonators is also 

used for food and water quality control and monitoring (Priev & Sarvazyan, 2009; 

Priev & Barenholz, 2010; Ostrovsky et al., 2011). 

 

 

Figure 1.10: Separation of fat globules in milk (dark spots) by cylindrical standing 

waves in the pipe (from (Priev et al., 2015)). 

 

Acoustic fields can be used for the micro-particle delivery to certain places 

within liquids, tissues, or other fluid materials. There are in particular devices, 

known as the ñacoustic tweezersò, which allow researchers and engineers to 

manipulate with individual particles. Figure 1.11 shows an example of how 

particles can be controlled by an acoustic field. As one can see, it was possible to 

write even relatively complex texts by, manipulating number of isolated particles. 

Further development of this technology is very topical in many applications and 

especially in medicine and food technology. With the help of acoustic tweezers, 

operating with the low-intensity sound waves, one can deliver drugs to the 

particular organs within a human body. This is a very promising field of research 

currently developing in many countries and requiring a strong support from theory. 

Results obtained within this Thesis contributes to this field of research and is 

presented in Chapter 3. 
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Figure 1.11: (From (Ding et al, 2012)). a) Stacked images demonstrating the 

particle motion control in x and y directions using 7-ɛm fluorescent polystyrene 

beads to write the word ñNATUREò. b) Stacked images showing dynamic control 

of bovine red blood cells to trace the letters ñPSUò (the acronym for the Penn-State 

University). 

 

If a droplet or a particle moves forth and back due to the action of external 

acoustic field, it can be eventually dissolved in the surrounding liquid. This idea 

was discussed in the paper by Schmid et al. (2016) who suggested to deliver 

nanoparticles containing a solvable drug to specific organs in a human body. An 

alternative method of particle manipulation suggested in the paper by Ashkin 

(1997) is based on the optical trapping of particles by a highly focused laser beam. 

But this method can be applied only to the transparent liquids, whereas the acoustic 

methods can be used even in the case of non-transparent liquids.  

The growing interest in the resonance properties of forced oscillations of 

particles and gaseous bubbles in a viscous fluid at small Reynolds numbers in 

recent years is associated with the development of a new field of microfluidics and 

the technology of using micro- and nano-particles. Such a technology is already 

used in the medicine (for the diagnostics, drug delivery to specific organs), biology, 

food quality control, and chemistry, etc. (see the review in Ostrovsky & 

Stepanyants, (2017) and references therein).  
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Taking into account the importance of the study of particle dynamics in viscous 

fluids, the topicality of the theme of such research and numerous possible 

applications, we can formulate the objectives of this research Thesis. 

 

1.3. Research Objectives 

The objectives of the Thesis are threefold: 

1) The first objective is to investigate the influence of disturbed electric charges 

within conducting solid particles on their dynamics in a viscous fluid. This will be 

done in the second chapter. Two types of viscous drag forces will be taken into 

consideration: the quasi-stationary Stokes drag force and the transient Boussinesq͂

Basset drag force. Different models of viscous drag forces will be analysed: when 

the viscosity coefficients are constants, like in the case of a single particle, and 

when they are modified due to the presence of a second particle. Comparison of 

particle trajectories under the influence of all these forces will be studied and 

compared with the case of particles in an inviscid fluid. Precise knowledge of the 

electric and hydrodynamic forces acting on the particles in a fluid will allow one to 

control the particle motion by external forces. 

2) The second objective is to investigate the particle motion under the influence 

of an external acoustic force. This will be done in the third chapter. The influence 

of the MID force will be studied in application to particles of different properties 

(different densities and materials) in the acoustic resonators of different geometries 

(plane and cylindrical). The aim of this chapter is to demonstrate that particle 

motion in a viscous fluid can be effectively manipulated by an external acoustic 

field. Figure 1.12, in particular, illustrates that the ice particle can be moved by 

radiative acoustic force. As a result, this can be used in many applications, for 

example in medical applications, when a particle drifts to a specific place and then 

oscillates around that place; the particle could contain some medicine. In the 

process of oscillations, it will dissolve and it will deliver a special drug to the organ 

and then oscillate until fully dissolved in the organ (Ostrovsky & Stepanyants, 

2017).   
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Figure 1.12: (from (Hassan et al., 2017)). Dependences of ice particle position on 

time when the acoustic field periodically switches from mode 3 to mode 4 and back. 

Odd decreasing lines (1, 3, é) pertain to mode 3, and even increasing lines (2, 4, é) 

pertain to mode 4. The dashed horizontal line shows an equilibrium position for a 

particle in the presence of fourth acoustic mode only. 

 

 

3) The third objective is to study the resonance properties of oscillating particles 

and bubbles in a viscous fluid under the action of an external force. As one can see 

from Figure 1.12, under the action of external ARF, a particle experiences not only a 

drift motion but also oscillations. The amplitude of oscillations depends both on the 

intensity of external force and mainly on the frequency. Therefore it is important to 

know what will be the response of the particle due to the external force. The 

resonance properties of a linear oscillator with dissipation are very well known 

(Siebert, 1986 and Klepper & Kolenkow, 2014) for the case when only Stokes drag 

force is taken into account. However, in Chapter 4 it will be shown that the influence 

of MID forces can dramatically change the resonance properties both solid particles 

and gaseous bubbles. The qualities of corresponding oscillators are also significantly 

changed. 

 

1.4. Content of research 

The outline of the Thesis is as follows: 

ü In chapter 2 the influence of charge distribution on particles motion in 

viscous fluid will be investigated in detail. A motion of an individual uncharged 

particle in a viscous fluid at small Reynolds numbers in the creeping regime has been 
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studied in the paper by Stepanyants & Yeoh, (2009). It has been demonstrated, in the 

case of a transient flow, that the influence of Boussinesq͂Basset drag (BBD) force 

(Gorodtsov, 1975, Lovalenti & Brady, 1993, and Kim & Karrila, 2005) is very 

important. It provides a different character of particle motions in comparison with the 

well-known Stokes drag (SD) force (Batchelor, 1970; Landau & Lifshitz, 1988). In 

chapter 2, a motion of two electrically charged particles in different setups will be 

considered taking into account a gravity/buoyancy forces, an electrostatic force, and 

a viscous drag force. The effect of viscosity will be taken into consideration through 

the SD force and BBD force which depends on the motion prehistory (Gorodtsov, 

1975; Lovalenti & Brady, 1993; Kim & Karrila, 2005; Landau & Lifshitz, 1988). A 

reciprocal influence of particles on the drag force (Happel & Brenner, 1983) will be 

also studied for several particle configurations. 

ü In chapter 3 the influence of the external acoustic force on the dynamics of 

solid particles will be investigated. Complex dynamics of small particles under the 

action of acoustic radiation force will be studied. This work extends the previous 

studies of Ostrovsky & Sarvazyan (2009) and Ostrovsky (2015) in two aspects. 

Firstly, in this study in contrast to the previous works, the particle material can 

have an arbitrary compressibility and sound speed. Secondly, in addition to the 

viscosity effect described by the Stokes drag force, the BoussinesqïBasset drag 

force and the inertial force which includes added mass effect will be accounted for. 

ü Chapter 4 contains a study of resonance properties of forced oscillations of 

solid particles and gaseous bubbles in a viscous fluid at small Reynolds numbers 

taking into account both Stokes and integral memory drag forces. Small oscillations 

of micro-particles and gaseous bubbles in a viscous fluid around their equilibrium 

states will be considered under the action of a sinusoidal external force. Exact 

solutions to the governing integro-differential equations containing both Stokes and 

memory-integral drag forces will be obtained and analysed graphically. The main 

aim of this study is to clarify the influence of the memory-integral drag force on the 

resonance characteristics of oscillating particles or gaseous bubbles in a viscous fluid 

at small Reynolds numbers. The resonant curves (amplitude versus frequency of 

external force), as well as phase-frequency dependences, will be obtained for both 

these particle types and compared with the corresponding dependences of the 

traditional oscillator with the Stokes drag force only included.  

ü Chapter 5 contains the conclusion and discussions of results obtained in the 
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Thesis, as well as the perspectives of further research. 

ü In Appendix I present a Fortran code which was used for the numerical 

modelling of particle motion in a viscous fluid under the action of acoustic radiation 

force.  
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Chapter 2: Dynamics of charged particles in a creeping flow  

  

2.1 Introduction  

In this Chapter, the dynamics of charged and interacting solid particles in a 

viscous fluid will be studied. We consider a simple model of two particles moving 

either side-by-side or one after another along the same vertical line under the 

influence of the Archimedean (buoyancy) and gravity forces, the Coulomb 

electrostatic force (or its modification), and the viscous drag force. The drag force 

consists of two components: the quasi-stationary Stokes drag force and the 

BoussinesqïBasset drag force resulting from the unsteady motion. Solutions of the 

governing equations will be analysed analytically and numerically for the cases of a 

perfect fluid and for a viscous fluid. The results obtained for these two cases will 

be then compared. 

 

2.2 Equations of motion and problem formulation  

A motion of an individual uncharged particle in a viscous fluid at small 

Reynolds numbers in the creeping regime has been studied (Stepanyants & Yeoh, 

2009). It has been demonstrated that in the case of a transient flow the influence of 

the Boussinesq͂Basset drag (BBD) force (Gorodtsov, 1975; Lovalenti & Brady, 

1993; Kim & Karrila, 2005) is very important. It provides a different character of 

particle motion in comparison with the well-known Stokes drag (SD) force 

(Batchelor, 1970; Landau & Lifshitz, 1988). We consider here the motion of two 

electrically charged particles in different setups taking into account all forces 

mentioned above. The specific feature of the BBD force is in its dependence on the 

motion prehistory, which results in the appearance of an integral term in the 

equation of motion. We also take into account a reciprocal influence of particles on 

the hydrodynamic drag force which depends on the particle configuration (Happel 

& Brenner, 1983). To the best of our knowledge, the combined effect of all these 

factors has not been studied thus far by other authors. 

As a first step we consider two identical metallic particles with electric charges 

of the same absolute value (they can be either of like or unlike charges). As has 
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been shown, by Saranin, (1999), the electrostatic force acting on metallic particles 

deviates from the one predicted by the classical Coulomb law for point particles: at 

small distances the force is not inversely proportional to the square of the distance 

between the particle centres. This deviation is important at relatively small 

distances between the particles while at large distances the electrostatic force 

asymptotically approaches the classical Coulomb law. The exact expressions for 

the electrostatic force Fs as derived by Saranin (1999) and its asymptotic Coulomb 

approximation Fc are as follows, 
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where a is the particle radius, q is the value of the electric charge, ʀis the 

permittivity of the medium, 
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The parameter 
n
k  is taken as 1

n
nk = + for like charged particles and as 0

n
k =  for 

unlike charged particles. 

Figure 2.1 shows the dependences of the attractive and repulsive electrostatic 

forces (normalised by the factor q
2
/(16“‐a2

) as described by Equation (2.1) and the 

corresponding Coulomb forces under the same normalization as described by 

Equation (2.2). As one can see from this figure, corrections to the Coulomb forces 

become notable only when the distance between the particle centers is less than 4a. 

The modified attractive force infinitely increases when the particles approach each 

other (see line1 in the Figure 2.1). 

When a solid particle moves in a viscous fluid, it experiences an influence of a 

drag force (Batchelor, 1970; Landau & Lifshitz, 1988). In the presence of another 

particle, the drag force modifies and depends on many factors, including the 
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particle shape, the distance between them, their reciprocal orientation, and their 

velocities (Happel & Brenner, 1983). The correction to the quasi-stationary SD 

force acting on particle in the presence of another particle can be taken into account 

through the effective viscosity veff = v f(a1, a2,  r 1,  r 2,  dr1/dt), where v is the 

coefficient of kinematic viscosity, and f is a rather complicated function of its 

arguments. This function gradually reduces to unity when the distance between the 

particles becomes much greater than their radii. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.1: Normalised electrostatic force versus normalised distance, ɝ = x/a, 

between two like (line 1) and unlike (line 2) charged particles as per Equation 

(2.1). Dashed lines show the Coulomb approximations as per Equation (2.2). 

 

Description of particle motion in a viscous fluid has a long history, however 

until now only approximate equations describing viscous forces acting on a moving 

particle where obtained. Relatively good understanding of particle motion was 

obtained for small Reynolds numbers (Re << 1) for so-called creeping motions. As 

was shown in many papers (see, for example, (Lovalenty & Bready, 1993; 

Stepanyants & Yeoh, 2010), and references therein), there are two viscous forces, 

one of them is the Stokes drag force which acts even when a particle uniformly 

moves in a fluid, and another force, the memory integral drag force acts only when 

a particle moves non-uniformly. These results derived and experimentally validated 

for the individual particles should be modified when the motion of another particle 
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accompanies a particle motion (the same pertains to the bubble motions with a 

minor modification). Even for the motion of two particles or bubbles the viscous 

drag forces depend on the spatial configuration of particles or bubbles, for example, 

whether they move side-by-side or one-after-another (see Figure 2.2). The 

theoretical consideration of drag forces acting on a pair of particles has been 

described in the book by Happel & Brenner (1983), but details of particle motion 

were not studied. The results from this book will be used below in the study of 

particle motion in the viscous fluid taking into account the modified electric forces 

as per Saranin (1999) exerting on charged conducting particles.   

 

 

 

 

 

 

 

 

 

 

Figure 2.2: Two particles moving side-by-side in the direction normal to the line 

connecting their centres (a) and one after another along the line connecting their 

centres (b). 

          

To the best of our knowledge, modifications of the transient BBD force exerting 

on a particle in the presence of another particle have not been studied yet. With this 

in mind, we can consider two notional possibilities: (a) there is no correction to the 

BBD force due to the presence of another particle, so that the BBD force remains 

the same as for a single particle; and (b) the correction to the BBD force is 

described by the same effective viscosity as the SD force. In what follows, both 

these possibilities will be explored and results will be compared.  

Consider further two spherical particles moving in a viscous fluid in the 

creeping flow regime, where the Reynolds number is much less than one, Re << 1. 



26 
 

The equation of motion of one spherical particle with the added mass effect taken 

into account is (Batchelor, 1970; Landau & Lifshitz, 1988): 
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where g is the acceleration due to gravity, r is the particle density, r is the particle-

to-fluid density ratio.  

The added mass effect is taken into account through the coefficient 1/2 in the 

brackets on the left-hand side of the equation. The first term in the right-hand-side 

describes the gravity/buoyancy force, the second term describes the electrostatic 

force and the third term describes the total drag force including the SD force (the 

first term in the square brackets) and the BBD force (the second, integral, term in 

the square brackets). The function F ſ 1 if the correction to the BBD force is 

ignored, or F ſ f  if the correction to the BBD force is the same as to the SD force. 

The same equation with the indices interchanged holds for the second particle. 

Subtracting and summing the equations for the individual particles, we obtain 
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Below we consider two particular cases of particle configuration when they 

move (i) side-by-side as sketched in Figure 2.2a and (ii) one after another as shown 

in Figure 2.2b. 

 

2.3 Two particles moving side-by-side 

Considering the case of two particles moving side-by-side as shown in Figure 

2.2a and assuming that the centre of masses of the system does not move in the 

horizontal direction, we write down the scalar projections of Equations (2.6) and 

(2.7) onto the horizontal, x, and vertical, z, axes 
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Functions f1(x), f2(x), and f3(x) as well as F1(x), F2(x) and F3(x)  account for the 

reciprocal influence of particles on the drag forces exerted on them (Happel 

&Brenner, 1983). Functions f1, f2, and f3 can be presented in terms of the variable 

( )1
1 2x x=  as follows. 

¶ In the case when two particles move one after another with equal speeds in 

the same direction along the line connecting their centres: 
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¶ In the case when two particles move with equal speeds on absolute value in 

the opposite directions along the line connecting their centres: 
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  (2.11) 

¶ In the case when two particles move with equal speed in the same direction 

side-by-side in the direction perpendicular to the line connecting their centres and 

can freely rotate: 
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The graphs of  f1,2,3(x) are shown in Figure 2.3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.3: Functions f1,2,3(x) versus x. The horizontal dashed line shows the 

asymptotic value for all functions when the particles are far away from each other. 

The vertical dashed line shows the minimal distance between the particles, in the 

normalised variables 2
min
x = . 

 

u (x)
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As have been mentioned above, the expressions for the functions F1,2,3(x) are not 

known thus far, therefore we will consider two cases, when F1,2,3(x) ¹ 1 and when 

F1,2,3(x) ¹ f1,2,3(x). Functions f1,2,3(x) asymptotically approach unity when x¤, 

and the corresponding drag force reduces to the drag forces exerted on an isolated 

particle. However, when 2x , which corresponds to the minimum distance 

between the particle centers (when the particles touch each other, and x = 2a), the 

functions f1(x) and f3(x) go to the finite limits: f1(x) = 0.647 and f1,2,3(x) = 0.694, 

whereas the function f2(x) grows infinitely, f2(x)  Њ as 2x
+

 . The physically 

unacceptable behaviour of the drag forces, in this case, is the consequence of the 

approximate character of the formula for f2(x). Nevertheless, as noted in Ref. 

Happel & Brenner, (1983), ñHocking states that good agreement on collision 

efficiencies is obtained with his results and experimental data, so it is apparent that 

under some conditions the approximate treatment is satisfactoryò.  

Note that in the Coulomb approximation, when the distance between the 

particles is much longer than their radii or when the charges of spherical particles 

are localised at their centres, the first term in Equation (2.6) takes the simple form 

2
/

es
E x . We will study the particle interaction in both cases, with the exact formula 

for the electrostatic force, Fs as per Equation (2.1), and with the Coulomb 

approximation for the electrostatic force Fc as per Equation (2.2). 

Equation (2.8) is independent of (2.9) and can be solved separately. Once its 

solution is found and ( )x q is determined, Equation (2.9) can then only be solved 

since Equation (2.9) contains ( )x q via functions f3(x) and F3(x). 

For computations we used the following values of parameters: water density

3 3
10  /kg mr= , water kinematic viscosity 7 2

6.05 10  /m sn
-

= Ö , particle radius

5
5 10  50 ma m m

-
= Ö = , charge values are equal to 

13
1.6 10q C

-
= Ö , water 

permittivity 10
6.954 10  /F me

-
= Ö , particle-to-water density ratio 2.7r =  (this 

corresponds to an aluminium mote). Based on these parameters, the dimensionless 

parameters are 2
3.784 10

es
E

-
= Ö  and 2

8.272 10G
-

= Ö .  
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2.4 Particle dynamics in an inviscid fluid 

Assuming that two particles with equal charges of absolute value are initially at 

rest, let us study first the reference case, when the fluid is perfect and viscosity is 

absent (formally we put f1,2,3(x) =  F1,2,3(x) ¹ 0). Then, Equation (2.8) in the 

Coulomb approximation can be solved analytically; solutions for the like and 

unlike charged particles can be presented in the implicit forms, 
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            (2.14) 

The former solution corresponds to the repulsive case when 
0

  x x> , whereas 

the latter corresponds to the attractive case when 
0

  x x< . 

The solution of Equation (2.9) without viscosity is trivial ï it is simply the 

motion from the rest with the constant acceleration, 
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q
z q

-
= -

+
  

Eliminating ʃ from the expressions for ( )x q and ( )z q, we obtain the particle 

trajectories in both cases of particle repulsion or attraction: 
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The solution of Equation (2.8) beyond the Coulomb approximation can be 

readily obtained numerically. The equation was integrated by the fourth-order 

RungeïKutta method with the fixed integration step using Mathcad-14 software. 

The infinite sums in Equation (2.8) were replaced by finite series containing N = 

200 terms. The results for attractive and repulsive particles are shown in Figure 2.4 

by the solid lines 1 and 1ǋ here the trajectories for the repulsive particles are 
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labelled by dashed numbers and go to the right, whereas trajectories for the 

attractive particles go to the left. In that figure we also show the analytical results 

obtained in the Coulomb approximation as per Equations (2.15) and (2.16); they 

are shown by dashed lines 2 and 2ǋ. Lines 3, 3ǋ and 4, 4ǋ pertain to the case of 

viscous fluid when both viscosity coefficients for the SD and BBD forces are 

equally modified by the functions f2(x) as per Equation (2.11) for the horizontal 

motion and  f3(x) as per Equation (2.12) for the vertical motion. A detailed 

discussion of the viscosity effect will be presented in the next subsection. Lines 3 

and 3ǋ pertain to the case of exact electrostatic force and lines 4 and 4ǋ pertain to the 

Coulomb approximation. In all cases, shown in the figure, the particles started to 

move from the rest when the distance between them was 4 in dimensionless units. 

Attractive particle collision occurs when the distance between them becomes 2x= . 

As one can see from this figure, the particles collide in a finite time, when they 

are attracted by each other due to the electrostatic force. The collision occurs 

earlier when the exact electrostatic force is taken into consideration compared to 

the case of the Coulomb approximation. Accordingly, the vertical distance travelled 

by the particles before they collide is less for the former case compared to the latter 

case. This can be seen by comparing trajectories 1 and 2, as well as 3 and 4 in 

Figure 2.5. 

The situation is opposite when the particles repulse each other in the perfect 

fluid: in the case of exact electrostatic force, the horizontal motion is slower than in 

the case of the Coulomb approximation. Therefore, trajectory 1ǋ in the former case 

lies below the trajectory 2ǋ in the latter case. The repulsive particles move away 

from each other to infinity. The observed motion is the direct result of the 

difference between the exact electrostatic forces in comparison with the Coulomb 

force. The exact force is larger than the Coulomb force for the attractive particles 

but smaller than the Coulomb force for the repulsive particles (Figure 2.1).  

When the distance between the particles becomes large, the exact electrostatic 

force quickly reduces to the Coulomb force (Figure 2.1). However, if the particles 

start moving at a relatively small distance between them, the time lag of trajectory 

2ǋ relative to trajectory 1ǋ still occurs. 
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In a viscous fluid, the repulsive particles move faster in the horizontal direction 

when the Coulomb approximation is used. Therefore, trajectory 4ǋ lies below the 

trajectory 3ǋ which corresponds to the exact electrostatic force. This is, apparently, 

a consequence of a complicated character of the modified BBD force with the 

variable viscosity coefficient veff. We will refer to this issue in the next subsection. 

Figure 2.5 illustrates the variation of relative particle velocity in the horizontal 

direction versus the distance between them. When the particles attract each other 

their relative speed at the moment of collision (at 2x= ) is higher when the exact 

electrostatic force is considered than in the case of the Coulomb approximation as 

shown by lines 1 and 2 in Figure 2.5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.4: Particle trajectories: vertical position of particles, z, against the distance 

between them, x, in the dimensionless variables. 

 

When the particles repel from each other, their relative speed varies with the 

distance almost equally both in the case of exact electrostatic force and in the 

Coulomb approximation: therefore lines 1ǋ and 2ǋ are practically indistinguishable, 

from each other. 

In a viscous fluid, the horizontal speed of the particles is always greater when 

the exact electrostatic force is used in comparison with the Coulomb force as 
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shown by lines 3 and 4, as well as lines 3ǋ and 4ǋ in Figure 2.5. Notice that the 

vertical scale for the viscous case represented by lines 3, 4, 3ǋ, and 4ǋ (shown on the 

right) is 20 times greater than in the inviscid case (shown on the left) represented 

by lines 1, 2, 1ǋ, and 2ǋ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.5: Relative horizontal velocity u (x) of particles against the distance 

between them in the dimensionless variables. Curve numbering corresponds to 

Figure 2.4. The vertical scale for the viscous case represented by lines 3, 4, 3͟ , 

and 4͟  is shown on the right. 

 

2.5 Particle dynamics in a viscous fluid 

The description of particle dynamics becomes much more complicated when 

viscosity is taken into account. The simplest case is the motion of uncharged 

particles with Ees=0. Consider first the case when the initial distance between the 

particles is so large that functions f1,2,3(x) and F1,2,3(x) can be replaced by unities. In 

such a case, the set of equations (2.8)ï(2.9) can be solved analytically (Stepanyants 

& Yeoh, 2009), however, the solution is very cumbersome. Here we only present 

the universal asymptotic form of solution for large time ʃ assuming that particles 

commence motion with the zero vertical velocities () 0
0 /   | 0d d

q
u z q

=
¹ = , but 

with the non-zero relative horizontal velocity () 0 0
0 /  |  u d d u

q
x q

=
¹ = , 

u (x)
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If the distance between the particles is not large enough, then functions f1,2,3(x) 

and F1,2,3(x) cannot be replaced by unities. Neither the Equation (2.8) or Equation 

(2.9) is integrable in this case, therefore they were integrated numerically by means 

of a Fortran code using the fourth-order RungeïKutta scheme and the standard 

RKGS subroutine with Gillôs modification. The infinite sums in Equation (2.8) 

were replaced by finite series with N=400 terms. The numerical code has been 

tested against the exact analytical solutions (Stepanyants & Yeoh, 2009) and 

demonstrated quite reliable results. Examples of the numerical solutions of 

Equations (2.8)ï(2.9) with the different models of viscosity are presented in Figure 

2.6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.6: Particle trajectories in a viscous fluid with the different models of 

viscosity. 

 

Lines 3, 3ǋ and 4, 4ǋ are the same as in Figure 2.4, i.e. line 3 represents the 

trajectory of attractive particles when exact electrostatic force is considered and 

viscosity coefficients are modified in accordance with Equations (2.11) for the 

horizontal motion and (2.12) for the vertical motion. Line 4 represents the 
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trajectory when the Coulomb approximation is used for electrostatic force. Lines 3ǋ 

and 4ǋ represent the trajectories for the repulsive particles with the exact 

electrostatic force and in the Coulomb approximation correspondingly. As one can 

see, in the repulsive case, trajectories 3ǋ and 4ǋ are fairly close to each other 

whereas in the attractive case the difference between them is quite noticeable at 

small distances between the particles. In what follows we consider only the exact 

electrostatic force. 

Lines 1 and 1ǋ represent the particle trajectories in the attractive and repulsive 

cases respectively when only the SD force is taken into consideration with the 

constant viscosity, i.e. when the influence of another particle is ignored, as well as 

influence of the BBD force. 

Lines 5 and 5ǋ represent the particle trajectories in the attractive and repulsive 

cases respectively when only the SD force is taken into consideration with the 

modified viscosity, as per Equations (2.11) and (2.12), and the influence of the 

BBD force is ignored. 

Lines 2 and 2ǋ represent the particle trajectories in the attractive and repulsive 

cases respectively when the SD force is taken into consideration with the modified 

viscosity, as per Equations (2.11) and (2.12), and the viscosity coefficient for the 

BBD force is assumed constant F2,3 = 1. 

As one can see from the figure, the model with only the SD force with a 

constant viscosity provides results which significantly differ from the results of the 

other models with variable viscosity and BBD force. In the meantime, lines 5 and 

5ǋ are very close to lines 3 and 3ǋ respectively. 

This indicates that the BBD force does not play a significant role in comparison 

with the SD force in such motions and, hence, can be neglected. Figure 2.7 

illustrates the variation of relative particle velocity in the horizontal direction 

against the distance between them. Line labels in this figure correspond to the 

labels of the trajectories used in Figure 2.6. Only the vertical scale of line 5 (but not 

line 5ǋ!) is 10 times compressed in comparison to all other lines. 

Observe that qualitatively the difference between the exact and Coulomb cases 

is similar to that shown in Figure 2.4. Namely, for the attractive particles, the 

horizontal motion is faster when the exact electrostatic force is considered, while 
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for the repulsive particles the horizontal motion is slightly faster when the Coulomb 

electrostatic force is used. 

It is interesting to note that at the initial stage of motion the relative horizontal 

speed increases very rapidly, after which the speed continues to increase, but at a 

moderate rate, and then after reaching a maximum value decreases due to the 

strong influence of the drag force correction f2(x) caused by the close presence of 

the second particle. If this correction is ignored, then the relative horizontal speed 

monotonically increases until particle collision. This is seen by comparison of line 

1 with other lines 2ï5 in Figure 2.7. 

\ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.7: Relative horizontal velocity of particles u (x) against the distance 

between them in the dimensionless variables. Curve numbering corresponds to 

Figure 2.6. The vertical scale for lines 1 and 1͟are shown on the right. Labels for 

lines 2͟ and 3͟ are not shown; these two lines are very close to each other and are 

disposed between the lines 4' and 5'. 

 

As has been noted, in the attraction case the relative horizontal speed is high for 

the case of exact electrostatic force in comparison to the Coulomb approximation. 

It is also interesting to note that both the drag-correction factor f2(x) and the 

electrostatic force infinitely increase when the attractive particles approach each 

other i.e., when x  2. However, the influence of a variable viscous term prevails 
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over the electrostatic force resulting in the speed deceleration at the moment of 

collision. 

2.6 Two particles moving one after another 

Consider now the case when two particles move one after another as shown in 

Figure 2.2b). Equations of motion in the scalar dimensionless form follow again 

from Equations (2.3): 
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where ( )1 2
  / 2z z Rz= +  is the dimensionless coordinate of the mass centre, and 

the other dimensionless quantities are as defined after Equation (2.9). The function 

f1(x) is as defined in Equation (2.10).  

Equation (2.19) describes time variation of the relative distance between the 

particles; it is exactly the same as in Equation (2.8), whereas Equation (2.20) 

slightly differs from Equation (2.9) due to the replacement of function f3(x) by the 

function f1(x). The difference between these two functions is not large, as one can 

see from Figure 2.3, therefore the solution of Equations (2.19) and (2.20) does not 

differ too much from the solution of Equations (2.8) and (2.9). 

In Figure 2.8 we present a comparison of two trajectories when the exact 

electrostatic force was used with the modified viscosity coefficient of SD force 

only, whereas the BBD force was taken with the constant coefficient. Lines 5 and 

5ǋ pertain to the case when particles move side-by-side, and lines 6 and 6ǋ pertain to 

the case when particles move vertically one after another. In the latter case, the 

drag force for the motion of mass centre is less than in the former case 

1 3
(   ( ) ( ))f fx x< , therefore the traversed path by mass centre before the particle 

collision in the latter case ( )166.5zº -  is slightly larger than in the former case

14 5).( 8zº- . 
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Figure 2.8: The trajectories of two particles moving side-by-side (lines 5 and 5') 

and vertically one after another (lines 6 and 6') in a viscous fluid. 

 

 

 

 

 

 

 

 

 

 

Figure 2.9: Relative velocity and the velocity of the mass centre of two particles 

against the distance between them in the dimensionless variables. Lines 5, 6 and 5', 

6͟pertain to the relative velocity of attractive and repulsive particles. Lines 7, and 

7͟pertain to the side-by-side vertical motion of two particles, and lines 8, and 8' 

pertain to the vertical motion of two particles one after another. The vertical scale 

for lines 7, 8, 7', and 8' is shown on the right. 
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Because Equations (2.8) and (2.19) are the same, the relative particle velocities 

are equal in the corresponding cases of side-by-side and vertical motions (see lines 

5, 5ǋ and 6, 6ǋ in Figure 2.9). But the vertical motion of mass centres in these two 

cases is slightly different because of the difference in Equations (2.9) and (2.20) as 

shown by lines 7, 7ǋ and 8, 8ǋ in Figure 2.9. 

 

2.7 Conclusion: 

We have considered the dynamics of two unlike and like charged particles in 

viscous fluid in the creeping flow approximation. Relative particle dynamics have 

been studied under different models of electrostatic force acting between the 

particles: the force between two conducting spheres as derived by Saranin (1999) 

and Coulombôs force between point-like particles. Two types of viscous drag forces 

were taken into consideration: the quasi-stationary Stokes drag force and the 

transient BoussinesqïBasset drag force. Different models of viscous drag forces 

were analysed, when the viscosity coefficient is constant, in the case of a single 

particle, and when it is modified due to the presence of a second particle. A 

comparison of particle trajectories under the influence of all these forces was made 

and compared with the case of an inviscid fluid. 

Using the typical value of parameters (see the paragraph before the subsection 

2.3.), we obtain that two aluminium micro-particles of a radii 50 ɛm approaching 

each other from the distance 200 ɛm traverse 7.5 mm in the vertical direction 

before their collision. The maximal relative velocity between the particles is Ḑ 0.44 

mm/s, and their vertical velocity attains Ḑ 2.28 cm/s. 

Results obtained can be useful for the development of control methods of micro- 

and nano-particle dynamics in viscous fluids in application to technological 

processes and medicine (Sarvazyan & Ostrovsky, 2009). The theoretical analysis 

presented in this Chapter provides us with the estimates of typical particle approach 

speeds, terminal velocities of falling down particles in viscous fluids, and traversed 

paths. This can be used in the development of facilities for the control of particle 

motion by external forces, acoustic or electro-magnetic. Such estimates will allow 

researcher and engineers to estimate further the characteristic values of field 

strengths for the effective control of particle motion. This can be especially 
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important for preventing particles ensembles from sticking together and 

aggregation. In some cases, contrary, estimates of strength of external fields can be 

useful to develop a device, which promotes effective gathering of all particles 

together. 

The content of this Chapter is based on the published paper: Hassan, H.K. & 

Stepanyants, Y.A. (2015). Dynamics of two charged particles in a creeping 

flow. Journal of Physical Mathematics, v. 6, n. 2, 7 p.  

In this Chapter, only two charged particles were considered as the simplest basic 

model to demonstrate the main physical effects and gain insight in the complex 

problem. However, the results obtained can be further generalized for the ensemble 

of many particles (see, for example, (Sazhin et al., 2008)), but this will lead to the 

serious complication of equations and interpretation of results. 
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Chapter 3: Particle dynamics in a viscous fluid under the action of acoustic 

radiation force 

 

  3.1 Introduction  

Complex dynamics of small particles under the action of acoustic radiation force is 

considered in this chapter. This work extends the previous studies of Ostrovsky & 

Sarvazyan (2009) and Ostrovsky (2015) in two aspects. Firstly, here the particle 

material can have an arbitrary compressibility and sound speed, whereas in the 

previous papers the authors considered only the limiting case of hard particles with the 

infinite sound speed. Secondly, in addition to the viscosity effect described by the 

Stokes drag force, the BoussinesqïBasset drag (BBD) force and the inertial force 

together with the added mass effect are accounted for. Although, as was assumed in 

the earlier publications, the latter effects are usually small, however, their influence 

can be noticeable in specific cases considered in this chapter. The control of particle 

motion by switching of acoustic modes in a resonator is also studied for particles of 

different properties. Quantitative estimates are given for particles made of different 

materials. 

 

3.2 The governing equation for particle motion in a standing acoustic field 

Consider the equation of motion of a small (as compared to the sound wavelength) 

spherical particle of density 
p
r  and radius a  in a fluid taking into account the Stokes 

drag force, an added mass effect, and the transient BoussinesqïBasset drag force 

(Stepanyants & Yeoh, 2009): 
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where r  is the particle coordinate, 
f
r  is the fluid density, v is the kinematic viscosity 

of a fluid, and 
p

V  is the particle volume. The added mass effect is taken into account 

for a spherical particle through the factor 2
f
r  included in the inertial term on the 
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left-hand side of the equation. The first term in the brackets in the right-hand side 

together with the coefficient 6
f a
vpr  represents the Stokes drag force, whereas the 

second integral term in the brackets together with the coefficient 6
f a
vpr represents the 

BBD force (details can be found, e.g., in Refs. (Lovalenti & Bardy, 1993; Stepanyants 

& Yeoh, 2009; Landau & Lifshitz, 1988)). The expression for the period averaged 

acoustic force 
a

F  acting on a small spherical particle has the form (Gorkov, 1962) 

2 2

3

1 22 2
, 2 .

3 2f f

a a

a

p u
U U a f f

c
pr

r

å õ
æ ö=-Ð = -
æ ö
ç ÷

F              (3.2)  

Here the angular brackets, ộȣỚ, denote period averaging of the wave pressure Pa 

and the acoustic velocity 
a

u , and 

2

1 22
1 ,  2 ,

2

f f p f

p p p f

c
f f

c

r r r

r r r

-
= - =

+
              (3.3) 

where cf and cp are the sound speed values in the ambient liquid and the particle 

material, respectively. 

In many practical cases for small particles in Equation (3.1) the viscous Stokes drag 

force dominates over the BBD force and effect of inertia. In such cases (which we call 

the quasi-static approximation) the balance between the radiation force and Stokes 

drag force yields: 

.
6

a

a

f
apr n

=
F

u                  (3.4) 

Below we examine the influence of factors that were ignored in the previous 

publications (Sarvazyan & Ostrovsky, 2009; Ostrovsky, 2015) and consider a standing 

acoustic wave in a resonator. We will study first a plane resonator with a single 

acoustic mode and two modes periodically switching on and off to replace each other. 

Then a more complex cylindrical resonator will be studied. 
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3.3 Solid particle dynamics in a plane geometry 

 

3.3.1 Single mode regime 

Consider first standing waves in a plane resonator of a length L. Let a wave with the 

amplitude P0 be defined as  

( ) ( )0

0
cos sin 2 , sin cos 2 ,

a a

f f

P
p P kx f t u kx f t

c
p p

r
= =            (3.5) 

where 2k p l=  is the wavenumber, l is the wavelength, and  f  is the frequency of 

the acoustic wave. 

Substituting this into Equation (3.1) we obtain the radiation force in the form (see, 

e.g., (Ostrovsky, 2015)): 

( )
0

2

2
( ) sin 2 ,  

2
,

p

ff

V kP
F x kx

c
r s

r
= F                (3.6) 

where the function ( ),r sF  is defined by the formula 

( )
2

5 2 1
, .

2 1

r
r s

r s r

-
F = -

+
                (3.7) 

Here the values of r and s are given by, 
p f

r r r=  , and     /  
p f

s c c= . 

According to Equations (3.4) and (3.6), in the plane quasi-static case the particle 

velocity has the form 

( )
2 2

0

2 3

4
( ) , sin .

9
f f f

a f P f x
u x r s

c c

p p

r n
=- F               (3.8) 

The function F defines a dependence of the particle dynamics on the physical 

properties of a particle with respect to the parameters of the ambient fluid. Figure 3.1 

shows the 3D plot of the function ( ),r sF . As one can see, this is a smooth surface 

which asymptotically attains the maximum value max
5 2F = , when r infinitely 

increases for any finite non-zero value of s. This limiting case r  ¤ was studied by 
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Sarvazyan & Ostrovsky (2009). Here we consider a range of parameters r and s within 

the framework of general equation (3.1). 

Notice that function ( ),r sF  can be of either sign. For relatively soft particles with 

  
c

s s<  this function is negative, where 

( )
2 2 1

.
5 2

c

r
s

r r

+
=

-
                 (3.9) 

 

 

 

 

 

 

 

 

 

 

Figure 3.1:  Dependence of function F on the parameters r and s as per Equation 

(3.7). 

 

In particular, ( ),r sF  is negative regardless of the value of s if   2 / 5r < . Below we 

will consider one case of light particle motion with a negative ( ),r sF  and compare 

the result with the cases of particle motion with the positive values of ( ),r sF . 

In what follows we shall use the dimensionless form of Equation (3.1) (cf. 

(Stepanyants & Yeoh, 2009)):  

( ) ( )
2 2

2 2

3
2 1 sin ,

d d d d
r nK

d d d

t
x x x J

x
t t Jp t J-¤

+ =- - -
-

ñ           (3.10) 

where 2
2 ,  ,  9 ,  

x
KL t a v nx p t g g= = =  is the mode number, and 

( )
2 4 2

0

2 2 3

2
,

81
f f

a P f
K r s

c L

p

r n
= F . The length of acoustic resonator L can be expressed in terms of 

A

F

s

r
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the wavelength l of a sound wave or in terms of a frequency f: 

2 2 2
f f

L n nc T nc fl= = = , where the mode number n determines the number of 

half-lengths of the acoustic wave in the resonator. 

For comparison, in specific calculations, we use the parameters similar to those 

used in Sarvazyan & Ostrovsky (2009); namely, the ambient fluid is a water, for which 

we take the following parameters at T = 20̄ C: 
3 3

  10  / ,  1500 / ,
f f

kg m c m sr = =  and 

ï6 2
10  /v m s= . For the particle radius, we choose 10  a mm= , for the length of a 

resonator we set L = 2 mm, and for the amplitude of acoustic pressure, we use 

0
200 P KPa= . With these parameters, we obtain 

ï5
  1.1 10 sg= Ö  for Equation (3.10). 

As mentioned, different particle materials were used in this study for quantitative 

estimates. In Table 1 the values for each parameter for different particle types are 

presented. 

 

Table 3.1: The values of parameters for different particle types. 

Particle type 
Alumi-

nium 
gold ice plexiglas silica 

Biological 

cells 

light 

particle*) 

3
  ,  /
p

Kg mr  2.7Ö10
3
 19.3Ö10

3
 0.97Ö10

3
 1.18Ö10

3
 2.2Ö10

3
 1.1Ö10

3
 0.2Ö10

3
 

    /  
p f

r r r=  2.7 19.3 0.97 1.18 2.2 1.1 0.2 

,  /
p

c m s 6400 3240 3980 2600 6000 1.575 1500 

    /  
p f

s c c=  4.267 2.160 2.653 1.733 4.0 1.05 1.0 

( ),r sF
 

1.777 2.375 0.823 0.879 1.638 0.269 ï5.714 

 

*) As an example we consider a small density gaseous particle (a bubble) covered by a 

solid solvable shell. Such particles can be used to transport gaseous contents, for 

example, in medicine and food technology. 
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In Sarvazyan & Ostrovsky, (2009) the basic equation of motion (3.1) was studied in 

the dimensional form in the quasi-static approximation, when both the inertial term on 

the left-hand side and BBD force on the right-hand side were neglected. First, we will 

consider a similar case when a particle moves in a viscous fluid under the action of 

acoustic radiation force, but also takes into account arbitrary particle properties such as 

density and sound speed in the particle material. In this case equation (3.10) is reduced 

to 

( )sin .
d

Kn
d

x
x

t
=-               (3.11) 

Solution to this equation can be readily obtained (cf. (Sarvazyan & Ostrovsky, 

2009); a typo in that paper is corrected here): 

0

2
arctan tan ,

2

KnKn
e

Kn

t
x x

-è øå õ
= æ öé ù

ç ÷ê ú
             (3.12) 

where 
0
x  is the initial position of the particle at 0t= . 

The full equation (3.10) was solved numerically for three different particle types, 

infinitely hard and dense (as the reference case), aluminium and ice. These solutions 

together with the approximate analytical solution (3.9) are shown in Figure 3.2. For the 

first reference case, all parameters were chosen the same as in Sarvazyan & Ostrovsky, 

(2009) with the same initial conditions of 
0
x= 3

2.18 10Ö , ( )0 0
 /  V d d

t
x t

=
¹ =ï0.0997, 

and parameter n = 8. We have tested the influence of the integral BBD term, as well as 

the inertial term and found that it was small as shown in Figure 3.2. Line 1 in Figure 

3.2 illustrates the approximate solution (3.12) for the reference case with ɮ=5/2, and 

the dots show the numerical data when all factors in Equation (3.10) including the 

BBD force were taken into consideration. The inset represents the magnified portion of 

Figure 3.2 and demonstrates the difference between the approximate (line 1) and 

numerical solutions (dots) for the reference case when the particle approaches the 

equilibrium state. 

Similar calculations were carried out for other particles with different properties. In 

all cases, the influence of the inertial effect and BBD force was relatively small, except 
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the initial period of motion (see below). Figure 3.2 shows the corresponding plots for 

particles of a moderate density (aluminium, 2.7r = , 4.267s= ,  1.777F= ) and of a 

relatively small density (ice, 0.97,  2.653,  0.823r s= = =F ). For a relatively dense 

gold particle ( 19.3,  2.16,  2.375r s= = =F ) the result is close to line 1 in Figure 3.2; it 

is not shown separately to avoid figure complication. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2: Dependence of normalised particle position on time as per Equation (3.9) 

(solid lines) for different particle types. Line 1 pertains to the reference case of 

5 / 2F=  (very dense incompressible particle), line 2 ï an aluminium particle

( 1.777F= ), line 3 ï an ice particle ( 0.823F= ). Dots show the numerical results 

when all factors including the BBD and inertia forces are taken into account.  

 

Figure 3.3 shows the dependence of particle speed on time for the same values of 

the parameter F as in Figure 3.2, and Figure 3.4 shows the dependence of particle 

speed on the distance from the equilibrium point. In the latter case the approximate 

theoretical dependence (3.11) is universal for all sorts of particles (see line 1 in Figure 

3.4). The numerical data obtained with the inertial and BBD forces are almost similar 

to each other, but they slightly deviate from the approximate theoretical lines. A small 

portion of Figure 3.4(a), is magnified and presented in Figure 3.4(b). From the latter 


