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Abstra ct. In shallow turbulen t 
o ws such as 
o ods and tsunami vertical mix-
ing tends to smooth out the 
o w characteristics in cross-sectional direction.
The evolution of the average cross-
o w characteristics presents considerable
interest. We model such 
o ws using the k-! model of turbulence in the frame-
work of the centre manifold theory. We tested the approach on an arti�cial
di�usion problem for which an exact analytical solution is derived. Then we
apply the method to model the turbulen t 
o ws and deduced the evolution
equations for the average velocit y, turbulen t energy and its rate of dissipation.

1. In tro duction: the k-! mo del. The k-! model of turbulence of Wilcox [7]
performs well near boundaries [3] and is therefore useful for the shallow 
o ws. It
is written in terms of three ensemble averagedquantities: the average turbulent
kinetic energyk, the rate of energydissipation ! and the velocity u. For brevity we
usethe notation T � (u; k; ! ) =

�
u k !

� T
. The coe�cien t of turbulent di�usion

� �
k
!

: (1)

In this work we neglect downstream variations, so that we only explore the time
evolution of the vertical structure of the turbulent 
o w:

T = T (y; t) ; y 2 [0; � ] ; t 2 [0; 1 ] ; (2)

where � is the height of the free surfaceabove the ground.
The k-! model has the form

@u
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@
@y

�
�
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�
+ gx ; (3)

@k
@t

= � k
@
@y

�
�

@k
@y

�
+ �

�
@u
@y

� 2
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� 2

� � ! ! 2 ; (5)

where the constants � k = � ! = 1
2 , � k = 9

100 , � ! = 3
40 , � = 5

9 . The term gx rep-
resents the downstream component of the gravitational acceleration on a slightly
sloping ground. Equations (3), (4) and (5) describe the time evolution of the com-
ponents of T due to the following factors.
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Figure 1. The ratio of production and dissipation of the energy
for a fully developed 3D channel 
o w according to the DNS result
of Moser et al. [5].

� Mixing due to turbulent eddies,represented by the operator D � @
@y

�
� @

@y

�
.

This is the dominant factor governing the evolution of the vertical structure.
� Production of the kinetic energyand dissipation rate, represented by the terms

Pk � � (@u=@y)2 and P! � �( @u=@y)2 . Their ratio is proportional to the
turbulent mixing coe�cien t � .

� Dissipation of the energyand dissipation rate, represented by the terms Ek �
betak ! k and E! � beta! ! 2. Their ratio is also proportional to � .

From (4) and (5) follows
Pk

Ek
/

P!

E!
: (6)

2. Boundary conditions. Our model appliesto fully developed turbulence which
occupies the main body of the 
o w except a viscous sub-layer near the ground.
Adjacent to the viscoussub-layer is an inertial sub-layer where the viscouse�ects
are small in comparison with those of turbulence. There are many experimental
results on turbulent quantities for fully developed channel 
o ws [6, e.g.] which are
the source for empirical relations for cross-
ow pro�les of T . Using these results
the values of T on the ground can be extrapolated and related to the `friction
velocity' u� =

p
� @u=@y and the height � of the inertial sub-layer [4]. In our present

modeling we aim to avoid the useof theseempirical parametersand instead apply
relevant physical criteria in order to clarify the implied capabilities of k-! model (3),
(4) and (5).

There is an approximate equality betweenthe production Pk and dissipation Ek

in the inertial sub-layer. There the ratio of production and dissipation of energy
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can be calculated using log-law [7]; this was veri�ed by the DNS modeling of 3D
fully developed turbulence by Moser et al. [5] (Figure 1). In the body of the 
o w
up to distance� from the ground the divergencesof all statistical quantities are still
negligible and the local rate of generation of turbulent energy Pk is equal to the
rate of dissipation Ek :

Pk = Ek : (7)

With the increaseof 
o w intensity, � decreases(Figure 1). Therefore, instead of
using an empirical value of � , we assume(7) as the boundary condition on the
ground:

! =
1

p
� k

@u
@y

; k =
�

p
� k

@u
@y

on y = 0: (8)

The value of u in the inertial sub-layer is proportional to u� , and in the caseof
an hydraulically rough ground it is decreaseddue to the e�ects of local vorticit y.
To our knowledgethere is no experimental data about the averagee�ect of ground
roughnesson environmental 
o ws. The scaleof roughnessmay be many times the
spatial scaleof viscous e�ects. For simplicit y, in the present modeling we assume
that the valueof u on the ground is small and is comparableto the error of modelling:

u � 0 on y = 0: (9)

On the free surfacewe assumethat wind stressis negligible, so the 
uid surface
is free of tangential stress,

@T
@y

= 0 on y = � : (10)

3. Cen tre manifold approac h as a basis of the mo del. The centre mani-
fold approach is basedon the di�erence in time scalesof the turbulence: mixing,
production and dissipation. Turbulent mixing is the dominant feature of the 
o w
responsible for the vertical transport of T . The production and dissipation of the
energy are much slower and also local in space,therefore they are treated as per-
turbations to the turbulent mixing. Due to the di�erence in time scales,mixing
is separated and treated alone, thus forming the leading terms of a serieswhich
approximates the solution of (3){(5). The production and dissipation then cause
relatively small time and spacevariations of the solution.

In order to apply centre manifold techniques we needto �nd equilibrium points
of the dynamics of the purely turbulent mixing system

@T
@t

= D(T ) : (11)

To �nd these equilibrium points for the dominant and long lasting caseof mixing
we needto solve

D(T ) = 0: (12)

There are six families of solutions of (12):

T = �T y(0 ;0;0) ; T / �T y(1 ;0;0) ; T / �T y(1 ;1;1) ; (13)

T / �T y(0 ;1;1) ; T / �T y( 1
2 ; 1

2 ;0) ; T / �T y(0; 1
2 ;0;) : (14)

Each of thesefamilies providesthree neutral modesof (12). The amplitudes of these
modesare measuredby the averages�T �

�
�u; �k; �!

�
:

�T =
1
�

Z �

0
T dy : (15)
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Consequently , the variables �T can be parametersof a slow manifold M 0, provided
that one of the families (13){(14) is chosenby selectingappropriate boundary con-
ditions. Then the evolution of T is expressedthrough the evolution of �T , instead
of directly in t, via the chain rule

@T
@t

=
@T
@�T

_�T : (16)

The derivative @T =@�T is largely determined by the choiceof families (13){(14): we
choosethe �rst one of (13) which is y-independent and is therefore simplest. Then
the relation betweenthe T �eld and the amplitudes �T is simply

T = �T )
@T
@�T

= 1 )
@T
@t

= _�T : (17)

The boundary conditions that generatetheseneutral modesare

@T
@y

= 0 on y = 0 and y = � : (18)

We basethe analysis on theseboundary conditions, but with systematic modi�ca-
tions to meet the earlier physical boundary conditions.

Centre manifold theory [2, 8, 1, e.g.] assuresthat under modifying perturbations
there exists a 3D slow manifold M 0 parameterizedby �T .

4. Implemen tation of physical boundary conditions. The slow manifold M 0

exists at the arti�cial equilibria of uniform turbulent properties de�ned by (11).
These equilibria are basedon the set boundary conditions (18). However, in our
k-! model we needthe physical boundary conditions (8) and (9).

Thus we implement a smooth transition from the problem with the arti�cial
boundary conditions to the physical problem where the ground signi�can tly a�ects
the turbulence. This transition `bends' M 0 and the resultant slow manifold M 1 is
also attractiv e.

To encompassboth types of boundary condition we intro duce a modelling pa-
rameter 
 which rangesbetween 
 = 0, corresponding to the slow manifold M 0,
and 
 = 1, corresponding to the physical boundary conditions and supporting the
centre manifold M 1:

(1 � 
 )
@u
@y

= 

u
�

on y = 0; (19)

(1 � 
 )
@k
@y
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k �
� @u

@yp
� k

!
1
�

on y = 0; (20)

(1 � 
 )
@!
@y

= 


 

! �
@u
@yp
� k

!
1
�

on y = 0: (21)

5. Applying centre manifold to a mo del problem of pure di�usion. Our
hypothesis is that there exists a smooth departure from the arti�cial slow mani-
fold M 0 to the `bent' one M 1 with physical boundary conditions on the ground,
which will similarly attract exponentially quickly all solutions in its vicinit y. To ver-
ify this hypothesiswe comparethe series'solution basedon M 1 with the analytical
solution of the caseof pure mixing (11) with the physical boundary conditions (8),
(9) and (10).
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Figure 2. Comparison of analytical (37) and series'solutions for u.

5.1. Analytical solution. We solve (11) analytically for the caseof

� �
k(t; y)
! (t; y)

= constant in y : (22)

Thus equations (11) becomelinear,

@u
@t

= �
@2u
@y2 ;

@k
@t

= � k �
@2k
@y2 ; (23)

@!
@t

= � ! �
@2!
@y2 ;

and can be solved by separation of variables. By de�nition � � k=! , therefore (22)
imposesproportionalit y betweenspatial pro�les of k and ! . Due to the separation
of the variables we expressthe coe�cien t of proportionalit y in terms of �k and �! ,
which are constants with respect to y:

u(t; y) = �u(t)U(y) ;
�

k(t; y)
! (t; y)

�
=

� �k(t)
�! (t)

�
K(y) ; (24)
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whereK(y) and U(y) are to bedetermined. The system(23) givesthe time evolution
of �T :

_�u(t) = �u(t)� (t)
U00(y)

U
; (25)

� _�k(t)
_�! (t)

�
=

�
� k

�k(t)
� ! �! (t)

�
� (t)

K 00(y)
K

: (26)

To obtain further knowledgeon the time evolution of �T (t) we have to de�ne the
dependenceof � from time by di�eren tiating (22):

_� =
_�k �! � �k _�!

�! 2 = (� k � � ! )
�k2

�! 2

K00(y)
K

: (27)

According the empirical data for k-! model, � k = � ! = 1
2 , therefore

� �
k(t; y)
! (t; y)

= constant in t and y : (28)

By standard procedureswe �nd U(y) and K(y) to be harmonic functions

U(y) = AU cos(EU y) + BU sin(EU y) ; (29)

K(y) = AK cos(EK y) + BK sin(EK y) ; (30)

and �T exponentially decay:

�u = �u(0) exp(� � E 2
U t); (31)

�k = �k(0) exp(� � k � E 2
K t); (32)

�! = �! (0) exp(� � ! � E 2
K t) : (33)

Applying the boundary conditions (9) and (10) for u and the normalization (15)
for �u we obtain

u(t; y) = �u(0) exp
�

� �
� 2

4
t
�

�
2

sin
� �

2
y
�

= �u
�
2

sin
� �

2
y
�

: (34)

Similarly for ! , the boundary condition on the ground (8) is

! jy=0 � �! AK =

r
1
� k

@u
@y

�
�
�
�
y=0

=

r
1
� k

�u
� 2

4
: (35)

It requires synchronization in time betweenthe �! and �u:

�! (0) exp(� � ! � E 2
K t) / �u(0) exp

�
� �

� 2

4
t
�

) EK =
�

2
p

� !
: (36)

After applying the boundary conditions on the free surface(10) and the normaliza-
tion for �k and �! the eventual analytical solution is

u(t; y) = �u
�
2

sin
� �

2
y
�

; where (37)

�u(t) = �! (0)
4
p

� k

� 2 EK cot(EK ) exp
�

� �
� 2

4
t
�

; (38)
�

k(t; y)
! (t; y)

�
=

� �k(t)
�! (t)

�
EK [cot(EK ) cos(EK y) + sin(EK y)] ; where (39)

� �k(t)
�! (t)

�
=

� �k(0)
�! (0)

�
exp(� � � E 2

K t) : (40)
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Figure 3. Comparison of analytical (31) and series'solutions for �u.

The system of equations (23) has two degreesof freedom since we have two
independent input parameters �k(0) and �! (0). However, such a choice is not unique,
the degreesof freedom can be measuredby other two parameters of the model.
We have chosen�k(0) and �! (0) sincetheir ratio expressesthe coe�cien t of di�usion
� = �k(0)=�! (0), which helps the analysis.

5.2. Solution by centre manifold technique. The approximate slow mani-
fold M 1 is constructed algebraically using computer algebra. The solutions for the
turbulent �elds T and the time evolution of the mean quantities �T involve poly-
nomials in � = y=� , the normalized vertical coordinate, and �T . The coe�cien ts
of thesepolynomials are in turn polynomials in the ground condition parameter 
 .
The accuracyof thesecoe�cien ts dependson the truncation in 
 .

The computedseriesfor the vertical structure T of the turbulence for the physical
case
 = 1, to errors O

�

 5

�
, are

u = �uf 1(� ); (41)
�

k
!

�
=

� �k
�!

� �
f 1(� ) +

�u
�!

1
� k

f 2(� )
�

; (42)

where

f 1(� ) = 0:1334+ 2:3386� � 0:531� 2 � 0:6037� 3 + 0:1083� 4 + 0:025� 5

� 0:0037� 6 � 0:0001984� 7 + 2:48� 10� 5 � 8 �
�
2

sin
� �

2
�
�

; (43)

f 2(� ) = 1:4074� 3:58� + 0:211� 2 + 1:5 � 3 � 0:278� 4 � 0:0583� 5

+ 0:009722� 6 : (44)
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Figure 4. Convergenceof �T (t) to the stationary state.

Correspondingly, the dynamics of the amplitudes �T are governed by the approxi-
mation, computed to terms O

�

 25

�
and evaluated at the physically relevant 
 = 1 ,

_�u = � 2:4674
�k

�! � 2 �u;
� _�k

_�!

�
=

� �k
�!

� �
� 1:2337

�k
�!

+ 6:1544
�k
�!

�u
�!

�
; (45)

and according to (35) the ratio �u=�! is constant in time.
Solving theseordinary di�eren tial equations gives

�u = �u(0) exp
�

� 2:4674
�k

�!� 2 t
�

;

� �k
�!

�
=

� �k(0)
�! (0)

�
exp

��
� 1:2337+ 6:1544

�u(0)
�! (0)

� �k
�! � 2 t

�
: (46)

A comparison of the above slow manifold solution with the analytical solution is
shown in Figure 2 and Figure 3. The spatial pro�les of u by the two methods are
close. The decay curvesof �u are also close. Observe that the spatial pro�le by the
seriesmatchesthe analytical result satisfactorily when the truncation power of 
 is
larger than �v e.

6. Applying centre manifold technique to k-! mo del. The analysis of the
previous section applies only to the processof turbulent mixing. The terms of
production, dissipation and gravitational acceleration `bend' the manifold M 1 to
nearby manifold M 2 of slow evolution. We treat these terms as perturbations of
order � with the case� = 0 corresponding to the `pure mixing' manifold M 1 and
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Figure 6. The decay of �T (t) for horizontal 
o w.

the case� = 1 corresponding to the k-! manifold M 2. The accuracy of M 2 is
controlled by the power of � retained in the computer algebra construction.
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The leading terms of the seriesgoverning the time evolution of �T on M 2 are

_�u = � 2:4674
�k

�! � 2 �u + 0:82176gx ; (47)

_�k = � 1:2337
�k2

�! � 2
+ 2:1844

�k
�! �

gx + 6:1544
�k2

�! 2� 3 �u � 0:1263�k�!

+ 0:7365
�k �u
�

; (48)

_�! = � 1:2337
�k
� 2 + 2:1844

gx

�
+ 6:1544

�k
�! � 3 �u � 0:1055�! 2 + 0:636

�! �u
�

: (49)

Compare (49) for manifold M 2 with (46) for manifold M 1: the bending of M 1

under the gravitational term gx , production term P and dissipation term E of the
k-! model, causesthe generationof a multitude of additional terms into the model.

Under the adopted boundary conditions (10), (8) and (9) there exists a unique
non-zerostationary solution for the amplitudes �T . Figure 4 shows the convergence
of the numerical solution of (49) to this steady state. It also demonstratesstabilit y
of this state.

This stationary solution corresponds to the physical 
o w on an inclined plane
forced by gravit y and counterbalanced by turbulent viscosity � . The computed
averagevelocity, energy and dissipation rate in the steady state are

�u = 0:334
p

gx � ; �k = 3gx � ; �! = 3:03
r

gx

�
: (50)

The corresponding vertical distribution of the turbulent properties T is shown in
Figure 5.

The casegx = 0 corresponds to the decay of horizontal 
o w slowed down by the
turbulent friction. This caseis illustrated by Figure 6.
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